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Abstract
We discuss the prospect of using quantum properties of large scale Josephson junction arrays for quantum manipulation and simulation. We study the collective vibrational quantum modes of a Josephson junction array and show
that they provide a natural and practical method for realizing a high quality cavity for superconducting qubit based
QED. We further demonstrate that by using Josephson junction arrays we can simulate a family of problems concerning spinless electron–phonon and electron–electron interactions. These protocols require no or few controls over the
Josephson junction array and are thus relatively easy to realize given currently available technology.
Ó 2005 Elsevier B.V. All rights reserved.
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Superconducting device based solid state qubits
[1] are attractive because of their inherent scalability. Microwave spectroscopy and long lived population oscillation consistent with single [2–8]
and two qubit quantum states [9–12] have been
observed experimentally.
Recently, a new approach to scalable superconducting quantum computing analogous to atomic
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cavity-QED was studied theoretically [13–16] and
implemented experimentally [17,18]. This new
approach opens the possibility of applying methods
and principles from the rich ﬁeld of atomic QED in
solid state quantum information processing.
One practical problem of solid state qubit based
QED is the realization of a high quality resonator
to which many qubits can couple. A lumped element on-chip LC circuit, such as that used in
[18], suﬀers from dielectric loss of the capacitor
and ac loss of the superconductor [19]. A high
quality resonator can be realized with a co-planar
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waveguide if high quality substrate material (such
as sapphire) is used to minimize the loss [20,21]. A
high quality, low leakage Josephson junction provides a natural and easy realization of a high quality resonator due to its high quality tri-layer
structure [22], however only a few qubits can couple to such a single junction resonator [13,14].
In this work, we study the quantum dynamics
of a Josephson junction array and show that the
‘‘phonon modes’’ corresponding to the small collective vibrations of the junction phases can be
used to realize a high quality resonator to which
many superconducting qubits can couple. The
resultant structure is analogous to the ion trap
quantum computer in which qubits communicate
through the phonon modes [23]. We further show
that, by using a properly coupled superconducting
qubit array we can simulate a family of problems
involving spinless electron–phonon and electron–
electron interactions.
Consider the simple Josephson junction array
shown in Fig. 1(a). Denote the phases across the
vertical junctions h0, h1, . . . , hN1 (the phase of the
ground is set to 0). The capacitance of the vertical
junctions is C. The horizontal junctions are much
bigger in size than the vertical ones, and their critical current is K2 times that of the vertical junctions (Ic), where K  1. In practice, all junctions
can be realized by low self-inductance dc-SQUIDs
to allow tuning of their critical currents; therefore
K2 is not necessarily equal to the ratio of the junction sizes. Each vertical junction is biased by a current Ib < Ic to suppress its plasma frequency. The
geometric inductance is very small and neglected.
The potential energy of the Josephson junction
array in Fig. 1 is a sum of the Josephson tunneling
energies of the junctions, given by
V ¼ EJ
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X

i¼0

i¼0
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ð1Þ
where EJ = IcU0/2p and ib = Ib/Ic. The equilibrium
values for the junction phases are determined by
oV/ohi = 0, which is just the current conservation
condition at each node: ib  sin hi  sinðhi  hi1 Þ
 sinðhi  hiþ1 Þ ¼ 0. (When i = 0 or N  1 there
is only one horizontal current.) In our setup, the
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Fig. 1. (a) A simple Josephson junction array consisting of N
vertical and N  1 horizontal junctions. (b) A charge qubit
coupled to a vertical junction (realized with a small selfinductance dc-SQUID) in the Josephson junction array in (a).
(c) An rf-SQUID qubit coupled to the Josephson junction
array. (d) A more complex design than the simple array in (a).
Each dot represents a superconducting island which is
grounded by a Josephson junction (grounding junctions not
shown). Each and every pair of islands are coupled by a
Josephson junction as indicated by the edges connecting the
dots.

equilibrium values for the phases are hið0Þ ¼ hð0Þ ¼
arcsin ib for i = 0, 1, . . . , N  1. If we are interested
in the small oscillations of the phases, we follow
the standardPprocedure expanding V to second
N 1
order, V ¼ 12 i;j¼0
V ij ui uj , where ui ¼ hi  hið0Þ is
the small displacement of the phase from its equilibrium value and
ðV Þij
EJ K 2

cosðhi  hiþ1 Þ;

K Ic

¼ dij ð2 þ cos hð0Þ =K 2  di;0  di;N 1 Þ
 di;j1  di;jþ1 .

ð2Þ

Notice that the horizontal junctions are much larger
than the vertical ones. In the ‘‘wash board’’ analogy
this corresponds to a large ‘‘mass’’ for the horizontal junctions. Therefore in calculating the kinetic energy of the system we need only consider the vertical
junctions (as veriﬁedPby numerical calculations):
2
N 1
T ¼ ð1=2ÞCðU0 =2pÞ i¼0 u_ 2i . From the potential
and kinetic energies we can solve for the normal
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modes of the system, whose spectrum is given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where
ms ¼ xp 1 þ ð4K 2 = cos hð0Þ Þsin2 ðsp=2N Þ,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the plasma frequency xp ¼ 2pI c =U0 C ð1  i2b Þ1=4
and s = 0, 1, . . . , N  1. Let the orthonormalized
normal mode eigenvectors be denoted bsi . The lowest mode, whose frequency is xp, corresponds to the
0
center of mass
pﬃﬃﬃﬃ motion of the phases: b ¼
ð1; 1; . . . ; 1Þ= N . The quantum mechanical properties of the small collective vibrational modes of the
phases can now be evaluated
byﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
introducing
the
ﬃ
PN 1 p
operator u^i ¼ ð2p=U0 Þ s¼0
h=2Cms bsi ðas þ ays Þ,

where as is the annihilation operator for the sth
mode.
We propose to use the center of mass motion
mode of the Josephson junction array to couple
superconducting qubits, in analogy to ion trap
quantum computer [23]. Since the center of mass
motion mode is an equal weight superposition of
the junction phases, its quality factor is as high
as that of the individual junctions. Therefore, this
approach allows us to take advantage of the high
quality Josephson junctions required for the superconducting qubits to realize a high quality resonator. Note in the above we have assumed that all
Josephson junctions in the array are identical. In
reality, this will not be the case due to unavoidable
fabrication errors. However the critical currents of
the junctions can be tuned by a magnetic ﬁeld so
that the eﬀective Josephson energies of the junctions can be equalized. The eﬀect of any residual
asymmetry can be estimated by perturbation theory. As long as the amplitude of the transition
matrix element due to the asymmetry is much
smaller than the energy gap between the center
of mass motion mode and higher modes, the
energy and wavefunction of the center of mass
motion mode remain close to unperturbed.
In order to implement protocols developed in
superconducting qubit based cavity-QED [13–16],
we need to couple the superconducting qubits to
the center of mass motion mode of the junction
array in a way such that they can exchange energy.
This is shown in Fig. 1(b) and (c) for both charge
and ﬂux qubits. Here each vertical junction in the
junction array is replaced by a small self-inductance dc-SQUID and coupled inductively to a
superconducting qubit. Consider the charge qubit
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whose Hamiltonian is HQ = Bzrz/2Bxrx/2,
where Bz and Bx are determined by the gate voltage and Josephson energy of the charge qubit.
When its energy Bz is tuned close to m0 = xp and
its dc-SQUID is biased at U0/2 (including the
ﬂux due to the junction arrayÕs bias current
Ib), the inductive coupling results in a coupling
Hamiltonian Hc = g(ar+p
+ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a r), where g ¼
ð0Þ Q
ðM=2ÞðI c cos h ÞI c ð2p=U0 Þ h=2Cxp N , M is the
mutual inductance, I Q
c is the critical current of
the dc-SQUID junctions of the charge qubit, and
a is the annihilation operator for the center of
mass motion mode of the junction array. In deriving Hc, we have used the rotating wave approximation to drop terms that oscillate at high
frequencies. For the ﬂux qubit case shown in
Fig. 1(c), we can derive the same coupling Hamiltonian, with a coupling coeﬃcient which is proportional to the mutual inductance and can be
evaluated in terms of the qubit parameters [24].
With the above design we then have a structure
in close analogy to the ion trap quantum computer
in which the qubits communicate through the center of mass phonon mode. To realize a universal
quantum computer, we can use either the resonant
[13,14] or dispersive [13,15,16] interaction between
the qubits and the junction array mode. The interaction is switched on and oﬀ by tuning the energy
of the qubit into and out of resonance with the
junction array.
Typical values for xp and qubit energies can be
chosen to be up to 10 GHz. The coupling strength
g can be tens of megahertz [15,25]. When the
system scales up (N increases), the energy gap
between the center of mass motion mode and the
higher modes should remain much greater than
the coupling strength g to avoid excitation of
upper modes. When N is large, the energy diﬀerence between the lowest two modes is
Dm01 ¼ ðp2 K 2 =2N 2 cos hð0Þ Þxp . For K = 20 [26]
and ib = 0.97, this implies an upper limit of a few
hundred for N. To relax this limit, we can use more
complicated designs than the simple 1d array in
Fig. 1 (a). For instance, we can consider a network
of N superconducting islands in which each pair of
nodes is coupled by a Josephson junction, as
shown in Fig. 1(d). Each island is still grounded
though a junction whose plasma frequency is xp,
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and the Josephson energy of the coupling junctions is K2 that of the grounding junctions. In this
case, the center of mass motion mode remains at
xp and all q
higher
modes are pushed up to a freﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

quency xp 1 þ NK 2 = cos hð0Þ . The number of
junctions required is on the order N2/2.
In the above, we take advantage of the macroscopic quantum behavior of the Josephson junction phases to construct an analogy of the ion
trap quantum computer. We can push this concept
further and consider using Josephson junction arrays to simulate the dynamics of physical systems.
Consider a 1d array of qubits. In the spin 1/2 representation, the dynamics of the qubits are described by the spin operators S xi , S yi and S zi whose
commutation relations are deﬁned by ½S ai ; S bj  ¼
ði=2Þdij abc S ci for a, b, c = x, y, z and i, j = 0,
1, . . . , N  1. By using a Jordan–Wigner transformation [27], we can map this qubit array to a collection of spinless fermions annihilated by the
operators
fn ¼ S 
n KðnÞ;

ð3Þ

x
y
where S 
n ¼ S n  iS n and K(n) is a nonlocal
Pn1 operator P
deﬁned by KðnÞ ¼ exp½ip m¼0 fmþ fm  ¼
n1
exp½ip m¼0 ðS zm þ 1=2Þ. It can be veriﬁed that fnÕs
satisfy the anti-commutation relations required
for fermion operators. The fermion number operator is simply fny fn ¼ S zn þ 1=2. Now, if we couple
the qubits by nearest neighbor XXZ interactions,P the Hamiltonian of P
the system is H ¼
J xy i ðS xi S xiþ1 þ S yi S yiþ1 Þ þ J z i S zi S ziþ1 . Under the
Jordan–Wigner transformation, the system Hamiltonian is transformed to
X
y
H ¼ ðJ xy =2Þ
ðfny fnþ1 þ fnþ1
fn Þ

þ Jz

X

n

ðfny fn

y
 1=2Þðfnþ1
fnþ1  1=2Þ.

ð4Þ

n

As can be seen the coupling in the XY directions
transforms into hoping of the fermions between
neighboring sites and the Ising coupling causes
nearest neighbor interactions between the
fermions.
An interesting scenario arises when we couple a
superconducting qubit array and ‘‘phonon modes’’
realized by small oscillations of Josephson junction phases, as shown in Fig. 2. Since the qubit

M

M
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M’
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Fig. 2. A 1d rf-SQUID qubit array inductively coupled to local
Josephson junction oscillators. The dc-SQUIDs of the qubits
are inductively coupled too. Both M and M 0 are tunable
couplings [24,28,29]. The qubits are arranged in a ring structure
when periodic boundary conditions are required.

array can be transformed into a fermion system,
this allows us to simulate a family of solid state
problems concerning spinless electron–phonon
and electron–electron interactions. The macroscopic nature of the system and the ﬁne control
and measurement techniques developed in superconducting quantum information processing allow
us to examine the fermion dynamics directly and
closely to obtain vital information about the system. For this purpose, we need to be careful with
a few issues. The ﬁrst is that in a physical system
the electron number is conserved; however a Bxrx
term of the qubit can ﬂip its basis states deﬁned by
the eigenstates of rz. According to the Jordan–
Wigner transformation Eq. (3) the ﬂipping of the
qubit state corresponds to the creation or annihilation of a fermion. Therefore, we must keep Bx
of the qubits zero. This is realized by using small
self-inductance dc-SQUIDs for the qubits and
biasing them appropriately so that the Bx ﬁeld of
the qubit is much smaller [15] than other energy
scales of the system and thus can be neglected
for the time scale of interest. To further suppress
fermion creation and annihilation, we may choose
Bz to be large, which makes changes in the
total number of fermions energetically forbidden.
Another point is that the coupling between the
qubit and the Josephson phase should not allow
them to exchange excitations, since in a physical
system no process happens in which an electron
is created (annihilated) and a phonon is annihilated (created).
In the following we focus on the 1d Holstein
model of spinless electrons, a problem of both
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theoretical and practical interest [30,31]. The Hamiltonian of the system is
X y
X y
H ¼ t
ðci ciþ1 þ cyiþ1 ci Þ þ x
ai ai
i

X y
g
ðci ci  1=2Þðai þ ayi Þ;

i

ð5Þ

i

where ci destroys a fermion at site i and ai destroys
a local phonon of frequency x. This system at half
ﬁlling has two phases depending on the ratio g/x.
When g < gc, the ground state has a metallic (Luttinger liquid) phase. When g exceeds gc, it exhibits
an insulating phase with charge density wave
(CDW) long range order [30,31]. Though it can
be solved analytically in certain limits, for generic
parameters the accurate determination of the critical coupling strength and energy gaps is diﬃcult
and only limited size systems at half ﬁlling have
been studied numerically [30,31].
We can construct an artiﬁcial realization of the
1d Holstein model using a superconducting qubit
array and local oscillator modes realized by
Josephson junctions, as shown in Fig. 2. For
clarity, rf-SQUID qubits are shown, whose
dc-SQUIDs are coupled by a tunable mutual
inductance. The tunable mutual inductances can
be realized by using a ﬂux transformer interrupted
by a dc-SQUID whose critical current can be
tuned by a ﬂux bias, as discussed in [24,28,29].
As a result of this inter-qubit coupling and the
qubit
P bias, the
P qubit array Hamiltonian is H Q ¼
 i Bz S zi  J i S xi S xiþ1 , where Bz is determined by
the ﬂux bias of the qubits and J is proportional
to the tunable mutual inductance M. The local
phonon modes are realized by Josephson junctions
whose oscillation frequency is the plasma frequency xp. These junctions should have a deep
potential well in order to guarantee that their
behavior is close to harmonic even when the excitation number is not small. Alternatively, if we are
also interested in studying the eﬀect of nonharmonicity of the phonon modes on the system behavior
[32], we may use an inductor (L) shunted
dc-SQUID. In this case, under the condition
LIc  U0/2p, the Hamiltonian for the phonon
mode is Q2/2CJ + U2/2L 0  (Ic/24)(2p/U0)3U4,
where Q and U are the charge and ﬂux across
the dc-SQUID, CJ is the total junction capacitance
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and the eﬀective inductance L 0 = L(1  2pLIc/U0).
The anharmonicity can be adjusted by tuning the
critical current Ic of the dc-SQUID.
The local Josephson junction oscillators are
coupled to the main loops of the rf-SQUID qubits
using a tunable mutual inductance as shown in
Fig. 2. This introduces a coupling Hamiltonian
proportional to SzU, with a coupling coeﬃcient
proportional to the mutual inductance M 0 [24].
After quantizing the local phonon modes and
applying the Jordan–Wigner transformation, we
obtain the Hamiltonian of the 1d Holstein model
Eq. (5), with the hopping strength t = J/4 and
the phonon frequency x = xp. Since the qubit–
qubit and qubit–phonon interactions are realized
with tunable couplings, the ratio of t and g to x
in the Holstein model can be tuned in a wide
range. This allows us to explore a large phase
space of the system. To simulate the 1d Holstein
model, we ﬁrst set the number of spinless fermions
in the system. This is done by initializing half the
qubits in the Sz = 1/2 state and the other half in
the Sz = 1/2 state (assuming we are interested
in the half ﬁlling case), which can be accomplished
by applying strong Bz ﬁelds to the qubits or by performing measurements. Then t and g are turned on
(by tuning the inter-qubit and qubit–phonon couplings) slowly until the intended point (t, g, x) in
the phase space is reached. The phase of the system
can be inferred by measuring the fermion numbers
fny fn , or S zn , which are independent of n (1/2 for half
ﬁlling) for the metallic phase and varying with n
for the insulating phase. The excitation energy of
the system can be determined by spectroscopic
methods like in [18].
In conclusion, we have shown that properly
engineered Josephson junction arrays can be used
for quantum manipulation and simulation. The
discussed protocols require only limited control
of the system and provide interesting opportunities for superconducting quantum information
processing.
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